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O
utline

• Sensors as dynam
ic system

s

• Z
ero-order sensors

• First-order sensors

• Second-order sensors

• Sensor perform
ance m

etrics
• sensitivity
• bandw

idth/transm
ission band(s)

• cross-axis sensitivity
• sensitivity to extraneous m

easurands

• Fiber B
ragg G

rating sensing
• operational principles
• deploym

ent exam
ples
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T
he P
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Input/O
utput R

epresentation of Sensors

W
hat w

e W
A

N
T

 to m
easure is som

e kind of response of the plate (e.g., acceleration at point
q, Y

q (ω
)), to som

e kind of excitation of the plate (e.g., im
pact ham

m
er strike at point p, X

p (ω
));

w
e usually describe the response in term

s of an FR
F (frequency response function):

H
pq (ω

)=
Y

q (ω
)/X

p (ω
)

Just as the plate transfers an excitation into an acceleration,  the accelerom
eter subsequently

transfers this acceleration into a m
easured representation of itself.  T

hus, w
hat w

e A
C

T
U

A
L

L
Y

m
easure (Y

q,obs (ω
)) is N

O
T

 necessarily equal to w
hat w

e W
A

N
T

 to m
easure (Y

q (ω
)): 

Y
q,obs (ω

)=
H

epoxy (ω
)H

housing (ω
)H

post (ω
)H

m
ass (ω

)H
piezo (ω

)H
w

ires (ω
)

(
)

H
sensor (ω

)
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Y

q (ω
)

A
nd this doesn’t include all data acquisition and signal conditioning response functions!

W
e need to understand the behavior of the sensor transfer function in order to

 choose the right sensor characteristics for an application and calibrate it.
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A
n E

xam
ple to C

onsider...D
etecting a T

ank in the T
reesN

orm
al

M
agnetic

Field Perturbed
M

agnetic
Field

G
round

U
A

V signal

tim
e/location
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T
ank E

xam
ple (C

ontinued)
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hat the sensor gives you

sensor transfer function
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A
nother “R

eal” E
xam

ple...M
easuring P

endulation L
oads

Sea state can lead to dangerous load pendulation during L
O

T
S exercises

D
esign fiber optic

accelerom
eter array

to m
onitor load and

ship m
otions

A
lso asked to

m
onitor 

centripetal
acceleration (has
D

C
 com

ponent!)

A
ctual signal

W
hat w

e m
easured

electronics had low
-

frequency attenuation!
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G
eneral Input/O

utput Sensor M
odel:  A

ccelerom
eter

N
ew

ton’s 2nd L
aw

 on m
:

m
d

2y

dt 2
+

c
dydt

+
ky

"output"
1

 
2

 
4

 4
 

3
 

4
 4

 
=

c
dxdt

+
kx

"input"
1

 2
 

4
 

3
 

4
 

housing
binding post

inertial m
ass/

dam
ping block

piezoelectric
m

aterial

contact
plate

input m
otion

housing (base)
m

ass

inertial m
ass

effective
dam

ping/
stiffness

input m
otion

k
c m

x

y

A
nd, in general,

 a
n

d
ny

dt n
+

a
n−1

d
n−1y

dt n−1
+
K

+
a1

dydt
+

a
0 y

=
F

(t)

Sensors are them
selves dynam

ical system
s!
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Z
ero-O

rder Sensors

T
hese sensors are N

O
T

 dynam
ic system

s and can only m
easure static signals

sensor m
odel is

a
0 y(t)=

F
(t)

so the output is easily obtained
y(t)=

(1
/a

0 )
K

≡
 static sensitivity

1
 2

 3
 

F
(t)

• T
he sensor’s static sensitivity K

 determ
ines the sim

ple proportional input/output 
  relationship.

• T
he sensor has no dynam

ics, so it responds instantly to the change in F
(t)

• Sensor ideally contains no storage or inertial elem
ents (or, m

ore accurately, the behavior 
  of these elem

ents is negligible)

• If F
(t) is a dynam

ic signal, then the reading of the sensor (y) can O
N

L
Y

 be considered
  valid w

hen the sensor is at static equilibrium

intake
valve

plenum

force due to pressure difference

spring
∆

y
piston

P
atm

P

P
−

P
atm

=
−

kA
piston ∆

y,  or

∆
P

=
−

kA
piston

static sensitivity, K
1

 2
 

4
 

3
 

4
 

∆
y
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F
irst-O

rder Sensors

• T
hese sensors contain storage elem

ents w
hich cannot respond im

m
ediately to inputs

• M
odeled as first-order dynam

ical system
a1

dydt
+

a
0 y

=
F

(t)

τ
dydt

+
y

=
K

F
(t)

tim
e constant

static  sensitivity

• T
he zero-state response (w

ith no input) of this system
 show

s the influence of τ:

y(t)

t

T
he larger the sensor’s tim

e constant, the longer it takes to respond to input changes.

τ=0.5

τ=5

τ=20
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F
irst-O

rder Sensors (C
ont’d)

• W
e know

 from
 dynam

ic system
s theory that w

e can utilize the pow
erful kernel m

ethod based
on zero-state im

pulse-response to get the form
ula for the response to A

N
Y

 input.  T
he im

pulse
response for an im

pulse-loaded first-order system

h1 (t)=
K

e
−

t/τ
/τ

τ
dydt

+
y

=
K

δ(t)

is

For any general input F
(t), then, w

e know
 the sensor response to it:

  y(t)=
y

0 e
−

t/τ
+

F
(T

)h1 (t−
T

)dT
T

=
0 t∫

=
y

0 e
−

t/τ

transient
response

1
 2

 3
 +

F
(T

)(K
/τ

)e
−

(t−
T

)/τdT
T

=
0 t∫

steady−
state

response

1
 

2
 

4
 4

 4
 4

 
3

 
4

 4
 4

 4
 



E
ngineering Institute

E
xam

ple:  B
ulb T

herm
om

eter

˙ 
Q

 

˙ 
E

 

control
volum

e

T
he change in energy stored in the bulb, ˙ 

E
 ,m

ust balance the exchange

of heat betw
een sensor and environm

ent:

˙ 
E

 =
˙ 

Q
 

m
c

dTdt
=

hA
(T

∞
−

T
)

m
c

hAτ {

dTdt
+

T
=

T
∞

τ
dTdt

+
T

=
F

(t)

m
 =

 liquid m
ass in the sensor

c =
 specific heat of liquid

h =
 convective heat transfer coefficient

A
 =

 sensor surface area

• Standard from
 for first-order sensor

• N
ote that the static sensitivity, K

, is 1
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F
irst-O

rder Sensors: Step Input

• C
onsider the sensor response to a step change in the input, say 0 to A

, so F
(t)=

A
:

y(t)=
y

0 e
−

t/τ
+

A
(K

/τ
)e

−
(t−

T
)/τ

T
=

0 t∫
dT

=
K

A
+

(K
A

−
y

0 )e
−

t/τ

• O
ur steady response (w

hat w
e w

ant to m
easure) is K

A
, w

hich is the actual m
easurem

ent
  A

 m
odified by the constant static sensitivity of the sensor K

• O
ur current m

easurem
ent (initial condition) is y

0
• W

e can define an error fraction function Γ
 as

Γ
(t)=

y(t)−
y

ss

y
0

−
y

ss
=

e
−

t/τ

t/τ

Γ

0.37

W
hen t=

τ, the sensor has responded to 63%
 of the real m

easurem
ent;

W
hen t=

2.3τ, the sensor has responded to 90%
 of the real m

easurem
ent;

W
hen t=

5 τ, the sensor has responded to 99%
 of the real m

easurem
ent

O
ne m

ay experim
entally find τ by plotting

the ln of error function during test data 
collection, since
and finding the slope of the best-fit line.

ln
Γ

=
−(1

/τ
)t
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F
irst-O

rder Sensors: P
eriodic Input

• C
onsider an input that is periodic in tim

e, so F
(t)=

A
sinω

t

y(t)=
y

0 e
−

t/τ
+

A
sinω

T
(K

/τ
)e

−
(t−

T
)/τ

T
=

0 t∫
dT

=
C

e
−

t/τ
+

K
A

1+
τ

2ω
2

sin(ω
t+

φ
)

w
here

C
=

y
0

+
K

A
ω

τ

1+
τ

2ω
2

,  tanφ
=

−ω
τ

• O
nce the transient portion dies out, w

e have the first-order sensor frequency response to
a periodic input

• T
he steady-state sensor response m

atches the input in frequency, but it lags the input by a
tim

e delay φ/ω
 and is attenuated:

input
output

φ/ω
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F
irst-O

rder Sensors: P
eriodic Input (C

ont’d)

• T
his attenuation and lag, as a function of param

eters ω
 and τ, are show

n here

M

ω
τ

φ (deg)

ω
τ

A
ttenuation factor M

 is the ratio of the
dynam

ic am
plitude to the static am

plitude:

M
=

K
A

1
+

τ
2ω

2

K
A

=
1

1
+

τ
2ω

2

Phase shift w
as defined previously,

-tan
-1ω

τ

• to m
easure high frequencies, need very sm

all τ
or too m

uch attenuation (filtering)
• to m

easure low
-frequency (tow

ards static)
signals, can use system

s w
ith large τ
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Second-O
rder Sensors

• T
hese sensors contain both storage elem

ents (in the form
 of dam

ping) as w
ell as inertia

• M
odeled as second-order dynam

ic system
s:

a
2

d
2y

dt 2
+

a1
dydt

+
a

0 y
=

F
(t)

1ω
n 2

d
2y

dt 2
+

2ζω
n

dydt
+

y
=

K
F

(t)

ω
n

=
a

0
/a

2
≡

 natural frequency

ζ
=

a1 /2
a

0 a
2

≡
dam

ping ratio

• T
he natural frequency corresponds to a tim

e scale that the sensor “w
ants” to respond to

inputs

• T
he dam

ping ratio determ
ines the characteristic m

anner in w
hich the sensor response

approaches the steady-state m
easurem

ent:
• 0 <

ζ <
1 (underdam

ped)  sensor transient responds w
ill oscillate (at ω

n )
• ζ >

 1 sensor transient response w
ill m

onotonically (not oscillate) approach steady-state;
  ζ =

 1, or critical dam
ping represents the quickest m

onotonic approach
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Second-O
rder Sensors (C

ont’d)

• For any general input F
(t), then, w

e know
 the sensor response to it:

y(t)=
ytrans (t)+

F
(T

)h
2 (t−

T
)dT

T
=

0 t∫

=
ytrans (t)
transient
response

1
 2

 
4

 
3

 
4

 +
F

(T
)(K

ω
n

/
1

−
ζ

2)e
−ζω

n (t−
T

)sin
ω

n
1

−
ζ

2(t−
T

)
[

] dT
T

=
0 t∫

steady−
state

response

1
 

2
 

4
 4

 4
 4

 4
 4

 4
 4

 4
 4

 
3

 
4

 4
 4

 4
 4

 4
 4

 4
 4

 4
 

h
2 (t)=

K
ω

n

1
−

ζ
2

e
−ζω

n tsinω
n

1
−

ζ
2t

1ω
n 2

d
2y

dt 2
+

2ζω
n

dydt
+

y
=

K
δ(t)

results in

• W
e can again use the kernel m

ethod to get the general sensor response:

• T
he vast m

ajority of sensor designs result in sub-critical dam
ping (oscillations), so w

e w
ill

proceed w
ith our discussion w

ith that assum
ption.  T

he transient response of a second-order
sensor system

 w
ith sub-critical dam

ping is

ytrans (t)=
e

−ζω
n t

y
0

cosω
n

1
−

ζ
2t+

˙ y 0
+

y
0 ω

n ζ

ω
n

1
−

ζ
2

⎛ ⎝ ⎜ ⎜ 
⎞ ⎠ ⎟ ⎟ cosω

n
1

−
ζ

2t
⎡ ⎣ ⎢ ⎢ 

⎤⎦ ⎥⎥

sensor initial conditions
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Second-O
rder Sensors: Step Input

• C
onsider the sensor response to a step change in the input, say 0 to A

, so F
(t)=

A
:

y(t)=
ytrans (t)+

A
(K

ω
n

/
1

−
ζ

2)e
−ζω

n (t−
T

)sin
ω

n
1

−
ζ

2(t−
T

)
[

] dT
T

=
0 t∫

=
K

A
−

K
A

e
−ζω

n t
cosω

d t+
ζ1
−

ζ
2

sinω
d t

⎛ ⎝ ⎜ 
⎞ ⎠ ⎟ ,  w

here ω
d

=
ω

n
1

−
ζ

2

• if ζ <
 1, sensor “rings” at ω

d

• these oscillations die out and the
  expected m

easurem
ent, K

A
, is 

  eventually achieved

• system
 perform

ance can be
  characterized by rise tim

e and
  settling tim

e 

KA

ω
n t

ζ =
 0ζ =

 0.25

ζ =
 2

ζ =
 0.5

ζ =
 1
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Second-O
rder Sensors:  M

ore Step Input

• A
s w

ith the first-order sensor, w
e can com

pute an error function Γ
(t):

Γ(t)

ω
n t

Γ
(t)=

e
−ζω

n t
cosω

d t+
ζ1
−

ζ
2

sinω
d t

⎛ ⎝ ⎜ 
⎞⎠ ⎟

• rise tim
e:  tim

e it takes to first achieve 90%
 of steady-state (or, error is 10%

)
• settling tim

e:  tim
e it takes for oscillations to settle w

ithin ±10%
 of steady-state

ωnt

ζ

rise tim
e

settling tim
e

• rise tim
e decreases w

ith decreased ζ,
  but the trade-off is that settling tim

e
  increases w

ith decreased ζ
• the region near the intersection of these
  curves is an optim

al design point for
  the sensor
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Second-O
rder Sensors:  P

eriodic Input

• C
onsider an input that is periodic in tim

e, so F
(t)=

A
sinω

t

y(t)=
ytrans +

A
sinω

T
(K

ω
n

/
1

−
ζ

2)e
−

ξω
n (t−

T
)sinω

d (t−
T

)
T

=
0 t∫

dT

=
ytrans +

K
A

sin(ω
t+

φ
)

1
−

ω
/ω

n
(

) 2
(

) 2
+

2ζω
/ω

n
(

) 2
, w

here tanφ
=

−2ζω
/ω

n

1
−

ω
/ω

n
(

) 2

• A
fter the transient portion (w

hich oscillates at sensor tim
e scale ω

n ) dies out, the sensor
  response oscillates at the sam

e frequency as the input (ω
), but w

ith a phase shift and an
  am

plitude m
odification, both of w

hich depend on dam
ping ζ and the ratio ω

/ω
n

ω
/ω

n
=

0.5
ω

/ω
n

=
1.5

output lags the input and is m
agnified

 for ω
/ω

n <
1

output is attenuated for ω
/ω

n >
1, and

the lag continues to increase
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Second-O
rder Sensors:  P

eriodic Input (C
ont’d)

• T
his am

plitude effect M
 and phase shift φ are show

n here; define Ω
=ω

/ω
n

M
=

1

1
−

Ω
2

(
) 2

+
2ζΩ

(
) 2

M

φ (deg)

Ω
Ω

ζ =
 0.01

ζ =
 0.25

ζ =
 0.5

ζ =
 1

ζ =
 2

transm
ission

attenuation

am
plification

(resonance)

ζ =
 0.01

ζ =
 0.25

ζ =
 0.5

ζ =
 1

ζ =
 2

• resonance occurs if input frequency approaches
  the sensor’s natural frequency (large attenuation,
  especially for sm

all ζ)
• M

 is near unity for sm
all Ω

 and goes to zero for 
  large Ω

 (regardless of ζ)

• phase shift increasingly lags as Ω
 increases,

  w
ith the m

ost abrupt changes occurring at
  resonance (especially for sm

all ζ)
• output is in phase w

ith input for sm
all Ω

 and 
  out of phase for  large Ω

 (regardless of ζ)
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T
ransm

ission B
and: U

nity G
ain and L

inear P
hase R

egim
e

• ζ =
 0.7 corresponds to the w

idest band for retaining a unity transfer function
 • this is also the regim

e w
here the phase is m

ost closely linearly related to the frequency

• nonlinear phase shifts cause a non-uniform
 phase lead/lag in the original signal and

  the m
easured signal (signal distortion)

• A
s show

n previously, there is a frequency regim
e for second-order sensors w

here
transm

ission is near unity and phase shifts are near zero.

∆
Ω

=
2α

+
α

2

1
+

α

error tolerance α

∆Ω

M

Ω
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Signal D
istortion

• Suppose have original signal to be m
easured:

x(t)=
sin

2π
t+

sin
4πt

• A
 linear phase shift m

eans that the m
easured signal m

ay be represented by:

y(t)=
sin

2πt+
φ

(
) +

sin
4πt+

2φ
(

)
=

sinθ
+

sin
2θ

w
hich by inspection is the sam

e as the original signal but tim
e-shifted

• C
onsider a nonlinearly phase shifted m

easured signal:
) y (t)=

sin
2π

t+
0.1

(
) +

sin
4π

t+
2

(
)

original

linear phase m
easured

nonlinear phase m
easured

N
ear sensor 

resonance, phase
distortion is
m

axim
ized!
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A
ccelerom

eters:  C
ase of Second-O

rder Sensor

N
ew

ton’s 2nd L
aw

 on m
:

m
d

2y

dt 2
+

c
dydt

+
ky

=
c

dxdt
+

kx
+

F
(t)

housing
binding post

inertial m
ass/

dam
ping block

piezoelectric
m

aterial

contact
plateinput m

otion
direct force

y

housing (base)
m

ass

inertial m
asseffective

dam
ping/

stiffness

input m
otion

k
c m

x

direct force, F
(t)

A
ccelerom

eters are designed so that the m
ass is protected from

 direct forces, so F
(t)=

0; if w
e

define z=
y-x, w

e can re-w
rite this equation and norm

alize as before for second-order system
s:

1ω
n 2

d
2z

dt 2
+

2ζω
n

dzdt +
z

=
−

1ω
n 2

d
2x

dt 2

input x

output z

 accelerom
eters m

easured acceleration of
 input by relative m

otion response of the
 inertial m

ass
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L
et’s C

onsider a P
eriodic Input to this A

ccelerom
eter...

M
=

Ω
2

1
−

Ω
2

(
) 2

+
2ζΩ

(
) 2

W
e can define M

  for this system
 depending on w

hat w
e consider the input:  displacem

ent,
velocity, or acceleration

D
isplacem

ent input 
am

plitude: A
V

elocity input 
am

plitude: A
Ω

A
cceleration input 

am
plitude: A

Ω
2

M
=

Ω

1
−

Ω
2

(
) 2

+
2ζΩ

(
) 2

M
=

1

1
−

Ω
2

(
) 2

+
2ζΩ

(
) 2

good
trans.!

good
trans.!

pretty
m

uch
stinks!

If x(t)=
A

sinω
t, then

z(t)=
K

A
Ω

2
sin(Ω

T
−

φ
)

1
−

Ω
2

(
) 2

+
2ζΩ

(
) 2

, tanφ
=

−
2ζΩ

1
−

Ω
2

 
V

ery response to previous second-order
response, but w

ith an extra Ω
2 in

the num
erator; phase shift φ is the sam

e

˙ ̇ x =
−

A
ω

2
sinω

t, and
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• C
onsider a periodic displacem

ent input labeled in black) and the corresponding
  m

easured output (labeled in red) for three different dam
ping ratios over a sw

ept
  frequency range (0<

Ω
<

8)

ζ
=

0.1
ζ

=
0.7

ζ
=

2.0

• In displacem
ent m

ode, output signal is attenuated (but in phase) for low
 Ω

 and then
  enters a near-unity transm

ission m
ode for post-resonant Ω

 (but out-of-phase w
ith input)

• V
ery low

 or very high dam
ping shrink the useful transm

ission band (ζ =
 0.7 is optim

al)

D
em

onstration of A
ccelerom

eter in D
isplacem

ent M
ode
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D
em

onstration of A
ccelerom

eter in A
cceleration M

ode

• C
onsider a periodic acceleration input labeled in black) and the corresponding

  m
easured output (labeled in red) for three different dam

ping ratios over a sw
ept

  frequency range (0<
Ω

<
8)

ζ
=

0.1
ζ

=
0.7

ζ
=

2.0

• In acceleration m
ode, output signal is in phase and in near-untiy transm

ission for low
 Ω

 
  and then enters attenuated, out-of-phase behavior for post-resonant Ω

• V
ery low

 or very high dam
ping shrink the useful transm

ission band (ζ =
 0.7 is optim

al)
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M
easuring W

ideband Signals B
eyond T

ransm
ission B

and

W
e w

ill assum
e that the sensor behaves as a linear dynam

ic system
, so m

ultiple inputs
m

ay be treated by superposition; suppose a sensor’s resonance is at 3 H
z, and w

e try to
m

easure a signal com
posed of 1 H

z and 5 H
z com

ponents:

x(t)=
sin

2π
t+

sin10πt

Input com
ponents are in black, outputs in red:

1 H
z com

ponent     +
                    5 H

z com
ponent           =

          total input and response

N
ot very good signal representation due to distortions induced by resonance
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A
n A

ccelerom
eter C

ut-A
w

ay
L

et’s look at a cut-aw
ay view

 of a seism
ic accelerom

eter:

seism
ic m

ass

elastic beam
s

(springs)
fiber B

ragg grating
(fiber optic transducer,
attached to beam

)

fiber optic cable

housing

• contains seism
ic m

ass, as expected
• utilizes elastic beam

s as springs
• in this exam

ple, uses fiber B
ragg gratings to transduce bending of 

   beam
s into displacem

ent/acceleration
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Sensor P
erform

ance P
roperties

W
e w

ill utilize this exam
ple of  an accelerom

eter to explore several sensor perform
ance

 properties:

• sensitivity:  W
hat is the response of the sensor to inputs, usually over a range of

tim
e scales? (U

sually given in term
s of the transfer function)

• resolution:  W
hat is the m

inim
um

 detectable value of the intended input? (U
sually 

given in term
s of pow

er or am
plitude spectral density)

• cross-axis sensitivity:  H
ow

 m
uch does the sensor respond to inputs not aligned

w
ith the prim

ary sensing direction?  (U
sually expressed as a fraction of the m

ain
sensitivity)

• m
ultiple resonances:  D

oes the sensor have m
ultiple nonlinear (resonant) areas that

affect sensitivity and response?  (T
he answ

er is typically, “yes”). 

• sensitivity to extraneous m
easurands:  D

oes the sensor respond to unintended inputs?
(D

oes an accelerom
eter, for exam

ple, also respond to strain or tem
perature inputs

yielding “false” signals?)



E
ngineering Institute

Sensitivity

W
e’ve already visited sensitivity w

hen w
e studied the responses of zero, first, and second

order instrum
ents to various inputs

• static sensitivity , K
:  sensor’s static  response to a static input; the steady-state response to

a unit am
ount of step input yields a sensor output of K

:

y(t)=
K

     y(t)=
K

+
(K

−
y

0 )e
−

t/τ     y(t)=
K

−
K

e
−ζω

n t
f(ζ

)sin(ω
d t+

φ
)

(
)

zero-order
first-order

second-order

M

• dynam
ic sensitivity:  the m

odification of the static sensitivity by dynam
ical properties of

the sensor system
; the steady-state response to a unit input at a certain frequency 

M

ω
τ

Ω

first-order

second-order
K

K
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Static and D
ynam

ic Sensitivity of F
B

G
 A

ccelerom
eter

806040200

Sf (dB µε/g)

0.1
1

10
100

1000
frequency (H

z)

-40

-20 0 20

Sλ  (dB rad/g)

 m
easured response

 theoretical prediction

22 gram
s

8 gram
s

2 gram
s

static sensitivities (function of added m
ass)

y(f)
=

K
(M

,L
beam

s ,g,h
beam

s )

f
2

−
fn 2

(
) 2

−
4ζ

2
f

2
fn 2
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D
esign T

rade-O
ff:  Sensitivity and B

andw
idth

T
he m

echanical designs of seism
ic m

echanical m
otion sensors often involve design

trade-offs betw
een perform

ance properties:  higher sensitivity often m
eans a low

er
transm

ission band:

high sensitivity (low
er resonance; 

transm
ission band)

low
er sensitivity (higher resonance;

w
ider transm

ission band)
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R
esolution

R
esolution refers to the sensor’s m

inim
um

 detection capability for the intended input;
this property is usually expressed as a pow

er or am
plitude spectral density

• Spectral densities m
ay be estim

ated from
 finite Fourier transform

s of tim
e records

• O
ne w

ay of determ
ining resolution capability is to take data w

ith the sensor in an as quiet
environm

ental state as possible, i.e., no inputs to the sensor

• T
he practical resolution capability not only includes the sensor dynam

ics but all aspects
of the electronics (am

plifier, filter, D
/A

)

X
(fk )=

∆
t

x
n e

−2πikn
/N

n=
0

N
−1

∑

G
X

X
(fk )=

2N
∆

t
X

(fk )
2

A
X

X
(fk )=

G
X

X
(fk )

Fourier transform
 for N

-point tim
e record

(units/H
z)

pow
er spectral density (units

2 / H
z)

am
plitude spectral density (units / H

z
1/2)
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R
esolution of F

B
G

 A
ccelerom

eters

-75

-50

-25 0

noise floor (dB g/Hz1/2)

0.1
2

3
4

5
6

7
1

2
3

4
5

6
7

10
2

3
4

5
6

7
100

frequency (H
z)

-0.25

0.00

0.25

noise (g)

40
30

20
10

0
tim

e (s)

noise floor (dB g/Hz0.5)

tim
e record

• A
ccelerom

eter put in a lead-lined box in the laboratory
• A

m
plitude spectral density w

as com
puted from

 an ensem
ble average of several tim

e
 records

FB
G

 optical accelerom
eter

• flat response over w
ide bandw

idth
• 3 m

g/H
z

0.5 resolution over all freq.

interferom
etric optical accelerom

eter
• 2 µ

g/H
z

0.5 resolution at low
-m

id freq.
• electronic noise rise at low

 freq.
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C
ross-A

xis Sensitivity

y

z

x

S
o

φ

θ

Prim
ary sensing axis

O

A
ctual Sensitivity V

ector
A

ctual Sensitivity V
ector

D
esign im

perfections often cause the intended sensing axis to be m
isaligned w

ith the actual
sensitivity vector, leading to cross-axis sensitivity:

S
=

{K
sin(φ)cos(θ)}i+

{K
sin(φ)sin(θ)}

j+
{K

cos(φ)}k

S
ideal =

K
k

T
he sensitivity vecto rfor a single intended axis m

ay be characterized by its orientation in
 θ and φ:
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C
ross-A

xis Sensitivity

G
iven this general sensitivity vector, let’s consider a general acceleration input vector,

given by
a

i
j

k
=

+
+

a
a

a
x

y
z

w
here w

e w
ill assum

e the prim
ary direction is in z.

M
=

S
⋅a

=
S

zx
a

x
+

S
zy

a
y

+
S

zz a
z

S
zx

=
K

sin(φ
)cos(θ

)

S
zy

=
K

sin(φ
)sin(θ

)

S
zz

=
K

cos(φ
)

T
he m

easured output M
  is just the dot-product of these vectors:

w
here 

cross-axis term
s

intended axis term

• Ideally, m
easurem

ent should be M
 =

 K
a

z

• A
ccelerations from

 other directions corrupt m
easurem

ent
• E

ven dom
inant axis sensitivity attenuated (by cosφ)

• A
 calibration m

ay be perform
ed to get the sensitivity vector in a least-squares sense; put

  accelerom
eter on a shaker (w

ith characterized directionality) on all its sides for N
 tests:

M
1

M

M
N

⎡ ⎣ ⎢ ⎢ ⎢ 

⎤ ⎦ ⎥ ⎥ ⎥ =

a
x,1

a
y,1

a
z,1

M
M

M

a
x,N

a
y,N

a
z,N

⎡ ⎣ ⎢ ⎢ ⎢ 

⎤ ⎦ ⎥ ⎥ ⎥ S
zx

S
zy

S
zz

⎡ ⎣ ⎢ ⎢ ⎢ 

⎤⎦ ⎥⎥⎥
get K

, θ, φ
get S

zx , S
zy , S

zz

least-squares,
pseudo-inverse

above equations



E
ngineering Institute

C
ross-A

xis Sensitivity

80400

-40

Soff-axis (dB µε/g)

10
2

3
4

5
6

7
8

9100
2

3
4

5
6

7
8

91000

frequency (H
z)

 2 gram
s

 8 gram
s

 22 gram
s

806040200

Sf (dB µε/g)

0.1
1

10
100

1000
frequency (H

z)

-40

-20 0 20

Sλ  (dB rad/g)

 m
easured response

 theoretical prediction

22 gram
s

8 gram
s

2 gram
s

Prim
ary axis sensitivity of

FB
G

 accelerom
eter

(from
 previous view

graph)

O
ut-of-plane axis sensitivity 

of FB
G

 accelerom
eter

(obtained by placing sensor on
its side on a shaker)

betw
een 20 and 45 dB

 dow
n
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M
ultiple R

esonances

• In reality, m
ost sensor transducer elem

ents com
prising the “m

ass” and “spring” elem
ents

are them
selves continuum

 structures and thus have m
ultiple resonances

• C
ase of FB

G
 accelerom

eter:  elastic beam
s used as springs, and the full-spectrum

 
  frequency response diagram

 is

elastic beam
s

different colors correspond to different
grating locations (black is center)

the beam
/m

ass system
has m

ultiple resonances
and m

ultiple transm
ission

bands

m
ultiple resonances
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Sensitivity to E
xtraneous M

easurands
• T

he elem
ents of m

any sensors are often sensitive to unintended inputs (due to their
construction, operation, or connection to other elem

ents), m
aking the sensor produce a

signal even w
hen an actual intended signal is not present

• Som
e exam

ples include tem
perature, pressure, or strain dependences; for exam

ple,
w

ith the FB
G

 accelerom
eter, w

hat if the am
bient tem

perature changed?  FB
G

s are just
strain gages, so they w

ill m
easure tem

perature.

• Som
e force transducers (w

hich are just like accelerom
eters in design!) have bending

m
om

ent sensitivity and base strain sensitivity...local bends or strains applied at the
attachm

ent points can cause a signal because the housing is coupled into the sensor
dynam

ics

• H
ow

 sensors are attached (and to w
hat they are attached!) are C

R
IT

IC
A

L
!

 steel baro o

F
T

0
20

40
60

80
100

120
140

160
180

200
1

10
8

1
10

7

1
10

6

1
10

5

1
10

4

0.001

0.01

0.1 1 10

100

Frequency in H
z

A c c e l e r a t i o n  A S D  ( g

T
he force transducer

is supporting a structure
w

ith large inertia, and
its m

odes (translational,
bending) are being detected

*.

*K
. G

. M
cC

onnell and P. S. V
arato, 

“A
 M

odel for Force T
ransducer B

ending
Sensitivity and  R

esponse D
uring C

alibration,”
Proc. 11th IM

A
C

, pp. 516-521, 1993.
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Som
e C

urrent T
rends in Sensing

• SM
A

L
L

E
R

,  SM
A

L
L

E
R

,  SM
A

L
L

E
R

 

�
 M

icroelectrom
echanical system

s (M
E

M
s) have been and continue to be developed to m

easure
fields such as force, acceleration, and strain
�

 T
hese sensors w

ork on sam
e seism

ic principles m
entioned, just on m

uch sm
aller scale

�
 T

he challenges are in engineering parts to required tolerances at these scales (and dealing
    w

ith significant static electricity build-up problem
s due to C

oulom
b interactions)

• R
ide the light (w

ith apologies to Q
w

est, Inc.)

�
 U

tilizing fiber optics for various sensing applications began in the 1970s and exploded
    in the 1990s during the telecom

 boom
�

 Fiber optic accelerom
eters and force gages ST

IL
L

 have to utilize seism
ic design principles

�
 E

lectronics m
ore com

plex than conventional sensors...that just m
eans m

ore transfer
    functions to fully characterize system

 perform
ance

�
 H

uge perform
ance gains in m

any applications due to eleectrom
agnetic insensitivity
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